We develop the theory of Griffiths period map, which relates the classification of smooth projective varieties to the associated Hodge structures, in the framework of Derived Algebraic Geometry. We complete the description of the local period map as a morphism of derived deformation functors, following the path marked by Fiorenza, Manetti and Martinengo. In the end we show how to lift the local period map to a morphism of derived stacks, in order to construct a global version of that.
Introduction
Let X be a smooth complex projective variety of dimension d and consider a family of deformations X → S of X over some affine base S; in 1968 Griffiths observed that any such Kuranishi family induces canonically a variation of Hodge structures on X. More formally let
be the Hodge filtration on cohomology and set b p,k := dim F p H k (X); define
which is a complex projective variety as so are the Grassmannians involved. Griffiths constructed the morphism
where X t is the fibre of the family X → S over t ∈ S; map (0.1) is said to be the p th local period map associated to X → S. In [14] Griffiths proved that such a map is well-defined and holomorphic; he also computed its differential and showed that it is the same as the contraction map on the space H 1 (X, T X ) of first-order deformations of X. Moreover it is possible to use map (0.1) to derive some constraints on the obstructions of X.
The existence and holomorphicity of the local period map says that for any given Kuranishi family of a projective manifold X there is a canonical way to construct a variation of its Hodge structures; moreover such a correspondence seems to be compatible with the general deformation theory of the variety X: prompted by this observation, in 2006 Fiorenza and Manetti described Griffiths period map in terms of deformation functors. Let
Def X : Art C − −−−−−−−−− → Set A → {deformations of X over A} isomorphism be the functor of Artin rings parametrizing the deformations of the variety X and recall that such a deformation functor is isomorphic to the deformation functor associated to the KodairaSpencer dgla KS X ; in a similar way for all non-negative p define the functor of Artin rings
Grass In [7] , [8] and [9] Fiorenza and Manetti proved the following facts:
• Grass F p H * (X),H * (X) is a deformation functor (in the sense of Schlessinger) and
Grass F p H * (X),H * (X) Def Cχ where C χ is the L ∞ -algebra defined as the cone of the inclusion of dgla's χ : End
with End
• the map
where i is the contraction of differential forms with vector fields and l stands for the holomorphic Lie derivative, is a L ∞ -morphism, thus it induces a morphism of deformation functors FM p : Def KS X −→ Def Cχ ;
1
• the natural transformation
is a morphism of deformation functors extending Griffiths period map 2 and the two morphisms FM p and P p are canonically isomorphic.
Fiorenza and Manetti's work shows that the p th local period map is actually a morphism of deformation theories, thus it commutes with all deformation-theoretic constructions: in particular all results of Griffiths about the differential of map (0.1) are easily recovered as purely formal corollaries of the preceding statements. Moreover Fiorenza and Manetti's construction works for any proper smooth scheme of dimension d over a field of characteristic 0.
As we are able to interpret Griffiths period map as a natural transformation of deformation functors, the next step would be to look at it in the context of Derived Deformation Theory: more formally one could ask whether there exist derived enhancements of the functors Def X and Grass F p H * (X),H * (X) for which it is possible to find some natural derived extension of morphism (0.2). In 2012 Fiorenza and Martinengo approached this problem, tackling it from an entirely algebraic viewpoint. As a matter of fact they observed that the contraction of differential forms with vector fields i (seen in the most general way, i.e. as a morphism of complexes of sheaves over X) and the Lie derivative l give rise to a morphism of differential graded Lie algebras whose 0-truncation FM is very close to FM p (actually FM is even more interesting than FM p as it does not depend on the degree of the filtration, so it can be interpreted as a universal version of Griffiths period map). The goal of this paper is to lift Fiorenza, Manetti and Martinengo's work to a global level, i.e. to find a morphism of derived geometric stacks whose restriction to formal neighbourhoods is (isomorphic to) map (0.4). The crucial step in order to do this consists of giving a more geometric description of such a map, thus we will define a morphism of derived deformation functors P : RDef X −→ hoFlag (RΓ (X, Ω
The Period Map as a Holomorphic Function
Let X be a compact connected complex Kähler manifold of dimension d and consider a family of deformations ϕ : X → S, i.e. a proper holomorphic submersion of complex manifolds (where the base S is contractible) admitting a distinguished fibre ϕ −1 (0) =: X 0 X. Recall that a famous result due to Ehresmann says that any such family is C ∞ -trivial, i.e. there exists a diffeomorphism T : X ∼ −→ X 0 × S X × S (1.1) over S (see [43] Theorem 9.3). For all t ∈ S let X t := ϕ −1 (t): Ehresmann's trivialization (1.1) clearly induces a diffeomorphism X t X for all t, thus we can think of the morphism ϕ as a collection of complex structures over the C ∞ -manifold underlying the complex variety X. This situation is the prototypical example of all deformation problems and was originally studied by Kodaira and Spencer. A very natural question to ask is how the standard Hodge structures over X vary with respect to the family ϕ; more formally, consider the cohomology algebra of X H * (X, C) :
and recall that each cohomology group H k (X, C) is endowed with a Hodge structure of weight k defined by the Hodge decomposition
or, equivalently, by the Hodge filtration
where
The question we want to address is whether the family ϕ induces any interesting structure on the cohomology of the fibres.
Griffiths Period Map
Observe that Ehresmann's trivialization (1.1) provides us with a diagram of isomorphisms of vector spaces
which commutes for all k ≥ 0 and ∀t ∈ S; actually much more is true, as for all k ≥ 0 the sheaf R k ϕ * C -where ϕ * : Sh (X) → Sh (S) is the push-forward functor -is seen to be a local system over S isomorphic to the constant sheaf H k (X, C) (see [43] Section 9.2 for a more detailed explanation), thus the diagram above does not depend on the choice of the trivialization. Denote
A standard argument based on the E 1 -degeneration of the Hodge-to-De Rham spectral sequence of X shows that there exists a neighbourhood of 0 ∈ S such that 
Since H k (X t , C) is canonically isomorphic to H k (X, C) and the Hodge numbers of X are invariant under deformation, map (1.2) is well-defined; the following is a famous result of Griffiths.
Proof. See [43] Theorem 10.9.
The Differential of the Period Mapping
Griffiths deeply studied the differential of map (1.2), as well: in order to state his result let us review what the contraction of differential forms with vector fields and the (holomorphic) Lie derivative are. Recall that the tangent sheaf T X is endowed with a natural structure of sheaf of Lie algebras (which can be considered as dgla's concentrated in degree 0) induced by the canonical isomorphism T X Der (O X , O X ), while End * (Ω * X ) comes with a structure of sheaf of differential graded Lie algebras through the standard differential on Hom complexes and the standard Lie bracket. Now the contraction morphism is defined to be the "shifted" map of sheaves of differential graded Lie algebras
while the differential of map (1.3) (as an element of the complex Hom
which is a genuine morphism of sheaves of dgla's 4 .
Moreover map (1.5) actually takes values in Hom F p H k (X, C) ,
.
5
3 Up to shrinking the base S, the fibres of ϕ are Kähler manifolds themselves (see [43] Theorem 9.23). 4 By a slight abuse of notation we will tend to denote by i and l the morphisms that maps (1.3) and (1.4) induce on global sections and derived global sections, as well.
5 This last property is generally known as Griffiths transversality.
Proof. The theorem has been stated in relatively modern terms, but a complete proof of it is given in [43] 
Notice that map (1.6) is holomorphic and that its differential is still a contraction morphism, i.e.
The Period Map as a Morphism of Deformation Functors
The work of Griffiths which has been described in Section 1 relates deformations of a complex smooth projective variety (or more generally complex Kähler manifold) to variations of its Hodge structures. Unfortunately the local period map (1.6) is not really a morphism of deformation theories, as it depends on a given deformation of a complex variety X, nonetheless its differential (1.7) is very "deformation-theoretic" in nature, as it connects the space H 1 (X, T X ),
i.e. the tangent space to the deformation functor parametrizing all deformations of X, to another cohomological invariant which depends only on X rather than the special Kuranishi family over X determining map (1.6). Observations like these led Fiorenza and Manetti to believe that Griffiths period map could be described as a morphism of deformation functors (in the sense of Schlessinger) whose tangent map coincided with the differential (1.7).
Deformations of k-Schemes
Let k be any (non-necessarily algebraically closed) field of characteristic 0 and consider a smooth proper scheme X of dimension d: these assumptions over X just algebraically resemble the analytic framework in which Griffiths studied map (1.6), while the fact that the theory we are about to summarize works for any field of characteristic 0 is a consequence of Deligne's view on Hodge Theory (for more details see [2] , [3] and [4] ). Notice also that by [2] Theorem 5.5 the Hodge-to-De Rham spectral sequence of the scheme X degenerates at its first page: such a property will be used several times in this paper. Recall that the functor of deformations of X is the functor of Artin rings
where a deformation
with i a closed immersion and p flat and proper; equivalently a deformation of X over A can be viewed as a morphism of sheaves of A-algebras
Of course, two A-deformations X 1 → Spec (A) and X 2 → Spec (A) of X are said to be isomorphic if there is an isomorphism X 1− →X 2 of schemes over A inducing the identity on X: it is well-known that functor (2.1) is a deformation functor in the sense of Schlessinger (see [29] or [40] for a definition). Now let (l, · · · n ) n>0 be a L ∞ -algebra over k (see [29] for a definition) and recall that the deformation functor associated to (l, · · · n ) n>0 is defined to be
is the set of solutions of the Maurer-Cartan equation and two elements x 0 , x 1 ∈ MC l (A) are said to be homotopy equivalent if there exists a "path"
such that x (0) = x 0 and x (1) = x 1 ; again, it is not hard to verify that Def l is a deformation functor in the sense of Schlessinger. Notice that, if the higher products · · · n = 0 for all n > 3, i.e. if the L ∞ -algebra is actually a differential graded Lie algebra (see [5] or [29] for a definition), we recover the more classical notion of deformation functor associated to a dgla. A fundamental fact in Deformation Theory -essentially due to Kodaira, Kuranishi and Spencer and developed in many ways by several other authors -states that the functor of deformations Def X associated to a scheme X which satisfies the above conditions is isomorphic to the deformation functor associated to the Kodaira-Spencer dgla of X, which is defined to be the differential graded Lie algebra (KS X , [−, −] , D) where
Warning 2.1. In this paper the Kodaira-Spencer algebra KS X will always correspond to the specific resolution given by Γ X, A 0, * X (T X ) , not to any resolution computing RΓ (X, T X ): as a matter of fact notice that a generic choice of functor for RΓ (X, T X ) provides us with a cochain complex with no Lie algebra structure.
Now consider the natural transformation
where for all open U ⊆ X 
Mapping Cones and Deformations of Filtered Complexes
The functor Def X is the most natural candidate for the domain of a purely "deformationtheoretic" version of Griffiths period map; now we wish to understand what the codomain of such a morphism should be, i.e. we seek a deformation functor which parametrizes variations of Hodge structures over X. Let (V, d) be a differential graded k-vector space and (W, d) a subcomplex of its; for any A ∈ Art k , consider the groups
and define the functor of deformations of (W, d) inside (V, d) to be the functor of Artin rings
3) is the original definition of the functor of deformations of the subcomplex (W, d) as we find it in [7] ; although it is quite elegant, it may not seem very intuitive, as there is no explicit reference to what a deformation of (W, d) over a local Artinian k-algebra A should be. Anyway a more careful look at it immediately shows that a deformation of 
They are endowed with natural structures of differential graded Lie algebras and there is an obvious inclusion
which is a morphism of dgla's; recall also that the mapping cone C χ W,V , δ of the morphism χ W,V is defined to be its homotopy cokernel, i.e. the complex
More concretely, the mapping cone is given by the formulae Remark 2.5. Fiorenza and Manetti gave two different proofs of Proposition 2.4: the first one is a very elegant but non-constructive proof based on the Homotopy Transfer Theorem (see [22] and [23] , while [42] provides a gentler introduction), while the second proof relies on a careful explicit description of all the higher products defining the L ∞ -structure of C χ W,V ; anyway, we are not reporting such formulae since they are not really needed for the sake of this paper.
Consider the natural transformation 
Cartan Homotopies and Period Maps
The work of Fiorenza and Manetti, especially Theorem 2.6, suggests that a good candidate for the codomain of a purely deformation-theoretic version of Griffiths p th local period map should be the functor Grass F p H * (X,k),H * (X,k) , where
is the algebraic De Rham cohomology of the scheme X and F • is the Hodge filtration over it.
Now we are almost ready to describe the actual morphism that Fiorenza and Manetti constructed to translate Griffiths period map in terms of deformation functors.
Lie algebras over k; a linear map i ∈ Hom −1 (g, l) is said to be a Cartan homotopy if homotopy between l and the zero dgla morphism 0.
Example 2.9. The contraction map associated to the scheme X is a Cartan homotopy of sheaves of dgla's (see Section 1.2 for a definition in the context of complex manifolds), while derived global sections of such a map provides us with an honest Cartan homotopy of dgla's: the latter will be a key ingredient of this paper (see Section 3.2).
The reason why we are interested in Cartan homotopies is that they behave very well with respect to mapping cones. 
is a L ∞ -morphism; in particular it induces a morphism between the associated deformation functors.
Proof. See [7] Proposition 7.4. Now, in the notations of Proposition 2.4, set V :
and χ p := χ V,W for all p > 0; also denote by i the contraction map associated to X and by l its differential, that is the "holomorphic" Lie derivative.
Warning 2.11. As we did in Warning 2.1 in the case of the Kodaira-Spencer dgla, again we will always fix a specific choice of functor for RΓ X, Ω * X/k , i.e. the one given by the Dolbeaut resolution: in other words throughout the paper we will have
is a L ∞ -morphism; in particular it induces a morphism of deformation functors
Proof. See [7] Theorem 12.1.
Remark 2.13. Recall that, as a consequence of the E 1 -degeneration of the Hodge-to De Rham spectral sequence of X, the canonical inclusion of complexes
injective. This is equivalent to say that for all p there is a quasi-isomorphism of complexes between
10 , which in turn induces a quasi-isomorphism of dgla's between End
and End
Now denoteχ
Remark 2.13 entails in particular the existence of a homotopy equivalence of L ∞ -algebras
which induces, by the Basic Theorem of Deformation Theory (see [29] ), an isomorphism
between the corresponding deformation functors. In the same fashion, the natural transformation
induced by the algebraic De Rham cohomology functor is an isomorphism: for a proof see [7] Theorem 10.6.
9 Here, by a slight abuse of notation, the symbol fm p is denoting both the L∞-map and the induced morphism of deformation functors. 10 Notice that the case p = 0 is trivial.
11 Again, the symbol h is denoting both the L∞-map and the induced morphism of deformation functors.
Definition 2.14. For all p > 0 define the algebraic p th Fiorenza-Manetti local period map to be the morphism
given by the composition of maps (2.7) and (2.6).
Definition 2.15. For all p > 0 define the geometric p th Fiorenza-Manetti local period map to be the morphism
Now we are finally ready to lift Griffiths period map to a morphism of deformation functors.
There is a natural isomorphism between maps FM p and P p , meaning that the diagram
commutes. Moreover the tangent morphism to the functor P p is the same as the differential
Proof. See [7] Theorem 12.3 and Corollary 12.5.
Flag Functors and the Fiorenza-Manetti Period Map
Both FM p and P p depend on a filtration parameter: we would like to get rid of it, in order to define universal versions of the algebraic and geometric Fiorenza-Manetti period map.
Observe that the target functor of any universal version of the geometric Fiorenza-Manetti period map should not be simply the product of the deformation functors Grass F p H * (X,k),H * (X,k) , because the only deformations of the sequence (
which may belong to its image are those preserving the property that F • is a filtration.
For this reason, let (V, F • ) be a filtered complex and define the flag functor associated to (V,
In particular, consider the functors Flag 
is well-defined and an isomorphism. Let End ≥0 RΓ X, Ω * X/k be the space of non-negatively graded endomorphisms of the complex RΓ X, Ω * X/k and consider the abelian dgla whose support complex is
Moreover denote by End ≥0 Ω * X/k the sheaf of non-negatively graded endomorphisms of the algebraic De Rham complex Ω * X/k . Remark 2.17. The formality argument of Remark (2.13) is uniform in p: in particular this means that there is a filtered quasi-isomorphism between RΓ X, Ω *
which in turn provides us with a week equivalence between the dgla's End
; for a more detailed explanation see [10] Section 5 and Section 6, in whose language these considerations are rephrased by asserting that
is a formal pair of dgla's.
Proposition 2.18. There is an isomorphism of functors
In particular Flag V is a deformation functor governed by the homotopy cokernel of χ: we will be more precise about this in Section 3.2. Now we are ready to define some universal version of the Fiorenza-Manetti morphism.
Definition 2.20. Define the universal geometric Fiorenza-Manetti period map to be the natural transformation
Notice that Definition 2.15 ensures that P is a well-defined morphism of functors. Map P is a good universal version of the geometric Fiorenza-Manetti period map; we would like to complete the picture with a natural universal version of the algebraic Fiorenza-Manetti map, that is we would like to construct a morphism of differential graded Lie algebras
such that the diagram
commutes: we will construct it in Section 3.2.
The Period Map as a Morphism of ∞-Groupoids
Theorem 2.16 attests two very interesting facts: the first one is that Definition 2.14 and Definition 2.15 are naturally equivalent (and this enables us to simply talk about the FiorenzaManetti local period map, dropping any further adjective) and the second one is that map (2.9) really extends the period mapping (1.6) to a morphism of deformation theories, as the tangent maps are the same. In this perspective, the period map is seen to play a remarkable unifying role in Deformation Theory and Hodge Theory: as a matter of fact a number of highly non-trivial classical results such as Kodaira Principle and Bogomolov-Tian-Todorov Theorem are recovered as corollaries of Theorem 2.16 (see [7] , [9] , [10] and [20] for more details). Anyway the contemporary viewpoint on Deformation Theory claims that Schlessinger's deformation functors are not the most suitable tools in order to study general local moduli problems, as they are often unable to capture most of the hidden geometry of such problems. As a matter of fact Schlessinger's functors do not generally take into account automorphisms and higher autoequivalences of the objects they classify and in most cases they do not give a proper description of obstructions, either. Moreover the correspondence between differential graded Lie algebras and deformation functors in the context of classical Deformation Theory is not fully satisfying 12 , but the most important drawback of Schlessinger's functors for the sake of this paper is that in general they are not formal neighbourhoods of any global moduli space; this is precisely the case of the functor Def X defined in Section 2.1: there does not exist any (classical) moduli space of proper smooth schemes of dimension d > 1, thus for a general choice of the scheme X the functor Def X cannot be describing infinitesimally any algebraic space.
Quick Review of Derived Deformation Theory
The critical aspects we have briefly listed above mark some of the reasons which have been leading to the development of Derived Deformation Theory: the rough idea behind this subject is that Deformation Theory is not really a "categorical" subject, but rather an "(∞, 1)-categorical" one, meaning that its constructions and invariants should be homotopical (or derived) in nature. In particular the basic tools of Derived Deformation Theory should be homotopy analogues of Schlessinger's functors, i.e. functors defined over (some subcategory of) dgArt k -not just Art ksatisfying homotopical versions of Schlessinger's axioms and preserving the ∞-structure -actually coming from a model structure -with which the category dgArt k is endowed. Foundational work on Derived Deformation Theory includes [11] , [16] , [21] , [25] , [27] , [28] , [31] and [39] , while a gentle introduction to the subject can be found in [5] : here we quickly review some of the main concepts just to fix notations. There are several different ways to enhance a classical deformation functor to a derived one, giving rise to various consistent derived deformation theories; in [31] Pridham proved that all these variants are homotopy equivalent 13 , thus in this paper by derived deformation functor we will always mean a Hinich derived deformation functor 14 , i.e. a functor
satisfying weaker versions of Schlessiger's axioms for classical deformation problems: for a precise definition see [5] or the original paper [16] , but essentially F is required to be homotopic -i.e. to map quasi-isomorphisms in dgArt
≤0
k to weak equivalences in sSet -and homotopy-homogeneous -i.e. such that for all surjections A B and all maps C → B in dgArt ≤0 k the natural map
is a weak equivalence. In case F is only homotopy-surjecting -i.e. for all tiny acyclic extension
) is surjective -we will say that it is a derived pre-deformation functor. All the geometry of Hinich functors is captured by certain cohomological invariants which generalize tangent spaces and obstruction theories for classical deformation functors: let us briefly recall how to construct them. Given a derived deformation functor F : dgArt
and recall that the j-th generalized tangent space of F is said to be the group
where n − i = j and the definition is well-given because of [31] Corollary 1.46. Generalized tangent spaces extend the underived notions of tangent and obstruction spaces in the sense that if F is a derived deformation functor, the group H j (F) parametrizes infinitesimal j-automorphisms associated 13 All approaches to Derived Deformation Theory are described by a well-defined (∞, 1)-category: Pridham proved that all such (∞, 1)-categories are equivalent; for more details see [31] . 14 In the literature people also refer to such functors as formal moduli problems or formal stacks. 15 The symbol − × 
where x 0 , x 1 , . . . , x n live in cochain degree 0 and dx 0 , dx 1 , . . . , dx n in cochain degree 1; more generally, given a simplicial set S, the symbol Ω * DR (S) will stand for the simplicial differential graded commutative algebra of polynomial differential forms on S, which is defined in dg level
Also recall that the Hinich nerve of a dgla g is defined to be the derived deformation functor
where RMC g⊗Ω * DR (∆ * ) (A) is the simpicial set determined in level n by the set
is an equivalence of (∞, 1)-categories, thus it induces an equivalence on the homotopy categories Ho (dgLie k ) Ho Def Despite its great theoretical properties, the Hinich nerve is seldom handy enough to make concrete computations. For this reason, recall that the (derived) Deligne groupoid associated to a differential graded Lie algebra g is defined to be the formal groupoid
Gg g : dgArt
and let
Remark 3.2. Notice that Formula (3.1) and Formula (3.2) are just straightforward generalizations of the notions of Maurer-Cartan and gauge functor in underived Deformation Theory; these objects are used to define extended deformation functors in the sense of Manetti (see [28] or [29] ). In [31] Pridham also proved that there is an equivalence of (∞, 1)-categories between Def
Man k and Def Hin k . Warning 3.3. The nerve of the Deligne groupoid associated to a differential graded Lie algebra is a derived pre-deformation functor but not a derived deformation functor: as a matter of fact it is not homotopic in general. Moreover, although it might be a bit confusing, we will tend to refer to both Del g and BDel g as the Deligne groupoid associated to the differential graded Lie algebra g.
Fix g ∈ dgLie k : we can define the functor
which is sometimes called the simplicial Deligne groupoid of g.
Theorem 3.4. (Pridham)
Let g be a differential graded Lie algebra concentrated in non-negative degrees; we have that
• the functor BDel g is a derived deformation functor;
• the functor BDel g is the universal derived deformation functor under BDel g ;
• the functors BDel g and RDef g are weakly equivalent.
Proof. See [35] Section 3 for the proof of the first two claims, while the last statement is proven in [17] Section 3.
As a consequence of Theorem 3.4 we have that all geometric and homotopy-theoretic information concerning the Hinich nerve of a differential graded Lie algebra g are completely determined by its associated Deligne groupoid, which is a much more down-to-earth object as it is essentially a formal groupoid. Unfortunately, as BDel g does not map quasi-isomorphisms to weak equivalences, the description of higher tangent spaces we gave above in this section is no longer valid; nonetheless Pridham found a coherent way to define good cohomology theories for derived pre-deformation functors. As a matter of fact fix a derived pre-deformation functor F : dgArt ≤0 k → sSet and define as in [33] Section 3.3 the j-th generalized tangent space of F to be
which is seen to be consistent with the definition given above in this section in case F is also homotopic (see [33] Lemma 3.15).
Now fix g to be a differential graded Lie algebra over k concentrated in non-negative degrees and apply the above definitions to its Deligne groupoid. We have that
and notice that the gauge action just reduces to
therefore we get
where the last identification follows from the fact that g lives in non-negative degrees.
Similarly we see that
under the gauge action (3.3) is given by H 1 (g).
, so the same kind of computation gives us that for all j ≥ 0
and again g j acts on Z j+1 (g) by differentials, so the quotient is H j+1 (g).
Remark 3.5. Let g be any differential graded Lie algebra; by combining Theorem 3.4 and the above observations we have that
The Algebraic Fiorenza-Manetti-Martinengo Period Map
The above considerations give many motivations to try to lift the period map from a morphism of classical deformation functors to the context of Derived Deformation Theory; Fiorenza and Martinengo started to address such a question, tackling it from an entirely algebraic viewpoint. Let X be still a proper smooth scheme of dimension d over a field k of characteristic 0 and, again, consider the Cartan homotopy defined by the contraction of differential forms with vector fields i :
which corresponds to the differential of i in the Hom complex. Now the linear map of dgla's
defined as the composition of RΓ (X, i) with the map
induced by the action of derived global sections of the endomorphism sheaf of Ω * X/k on derived global sections of X is still a Cartan homotopy: denote byl the morphism of dgla's induced by it, which is essentially the derived globalization of the Lie derivative. Recall that
is the differential graded Lie subalgebra of End * RΓ X, Ω * X/k consisting of non-negatively graded endomorphisms of the (derived global sections of the) algebraic De Rham complex, which can be thought of as filtration-preserving endomorphisms, and notice that the image ofl is contained in End ≥0 RΓ X, Ω * X/k
; we have the diagram of dgla's
where 0 stands for the zero map. Sinceĩ is a Cartan homotopy, by Remark 2.8 eĩ gives an homotopy betweenl and the zero map, thus there is an induced morphism of dgla's to the homotopy fibre
as observed in [10] Section 6; moreover, in the same paper, Fiorenza and Martinengo showed that
and notice that by Remark 2.17 we have that
Definition 3.6. Define the universal algebraic Fiorenza-Manetti local period map to be the morphism of deformation functors
induced by map (3.4).
Definition 3.7. Define the (universal) algebraic Fiorenza-Manetti-Martinengo local period map to be the morphism of derived deformation functors
In Section 2.4 we described a universal version of the geometric period map (see Definition 2.20), but we did not construct its Lie-theoretic counterpart: Fiorenza and Martinengo showed that this is precisely given by map (3.4).
is well-defined and commutes.
Proof. See [10] Section 6.
Affine DG ≥0 -Categories and the Dold-Kan Correspondence
Theorem 3.8 says that the morphism FMM is the correct derived enhancement of the universal Fiorenza-Manetti local period map; however the geometric interpretation of such a result is somehow indirect, thus it would be worth to find an equivalent morphism of derived deformation functors having more evident geometric meaning. Of course the key step in order to do this consists of finding the right domain and codomain for such a morphism, i.e. defining two derived deformation functors RDef X and hoFlag
• RDef X is weakly equivalent to RDef KS X and similarly hoFlag
• RDef X and hoFlag
are derived enhancements of Def X and Flag
In order to construct such functors we need some homotopy-theoretic background.
Warning 3.9. In this section we will deal with non-negatively graded differential graded chain structures rather than non-positively graded cochain ones, though the pictures they provide are largely equivalent; the reason for this lies in the fact that -at least in the framework of this paper -the codomain of a derived deformation functor is the simplicial model category of simplicial sets, which is more directly related to chain structures than cochain ones.
First of all, recall that the normalization of a simplicial k-vector space (V • , ∂ i , σ j ) is defined to be the non-negatively graded chain complex of k-vector spaces (NV, δ) where identified by the relation N (f ) n := f n | NVn ; notice that this construction gives us a well-defined morphism of chain complexes. In the end, there is a normalization functor
at our disposal. On the other hand, let V be a chain complex of k-vector spaces and recall that its denormalization is defined to be the simplicial vector space ((KV ) • , ∂ i , σ j ) given in level n by the vector space
Remark 3.10. Notice that
In order to complete the definition of the denormalization of V we need to define face and degeneracy maps: we will describe a combinatorial procedure to determine all of them. For all morphisms α : [m] → [n] in ∆, we want to define a linear map K (α) : (KV ) n → (KV ) m ; this will be done by describing all restrictions K (α, η) :
For all such η, take the composite η • α and consider its epi-monic factorization 16 • η , as in the diagram
Now 16 The existence of such a decomposition is one of the key properties of the category ∆.
• if p = q (in which case is just the identity map), then set K (α, η) to be the natural identification of
• if p = q + 1 and is the unique injective non-decreasing map from [p] to [p + 1] whose image misses p, then set K (α, η) to be the differential
• in all other cases set K (α, η) to be the zero map.
The above constructions determine all the simplicial vector space ((KV ) • , ∂ i , σ j ). As done for normalization, for any chain map f : V → W we can define a morphism of simplicial k-vector spaces K (f ) : KV −→ KW by setting
Again, there is a denormalization functor
at our disposal. The Dold-Kan correspondence described in Theorem 3.11 is known to induce a number of very interesting ∞-equivalences; for instance the Eilenberg-Zilber shuffle product and the Alexander-Whitney map, which we will discuss in more details later in this Section, allow us to extend normalization and denormalization to a pair of functors
which is seen to be a Quillen equivalence. Moreover recall that
• a dg ≥0 -category over k is a category enriched in Ch ≥0 (Vect k );
• a k-simplicial category is a category enriched in sVect k ;
• a simplicial category is a category enriched in sSet;
• a simplicial groupoid is a simplicial object in Grpd: equivalently a simplicial groupoid is a simplicial category in which all 1-morphisms are invertible.
All the above structures form well-understood model categories; furthermore it is well-known in the homotopy-theoretic folklore that Theorem 3.11 induces a Quillen equivalence
17 There is some abuse of notation in this statement.
Tabuada also constructed an explicit Quillen equivalence between dg ≥0 Cat k and sCat (see [36] , where an explicit proof of formula (3.6) can be found, as well). We will use slightly more general versions of the Dold-Kan correspondence provided by Theorem 3.11 and its corollaries, so we need to develop a few technical tools. Define Aff k to be the category whose objects are k-vector spaces and whose morphisms are affine maps between k-vector spaces, i.e.
Aff k can be thought of as the category of affine spaces over k and affine maps. Given V, W ∈ Aff k , define their tensor product to be
where the tensor product V ⊗W in the right-hand side of formula (3.7) is just the tensor product as vector spaces; in a similar way, given two affine maps
the tensor product map is given by
Formula (3.7) and formula (3.8) determine a monoidal structure on Aff k : we will be more precise about this a little bit further in this Section, when dealing with dg ≥0 -affine spaces.
Definition 3.12. Define a (chain) differential graded affine space over k in non-negative degrees (dg ≥0 -affine space for short) to be a pair (A 0 , V ) where
is a non-negatively graded chain complex of k-vector spaces and A 0 is an affine space over k whose difference vector space is V 0 .
If (A 0 , V ) and (B 0 , W ) are dg ≥0 -affine spaces over k, a morphism φ : (A 0 , V ) → (B 0 , W ) will be a chain map which is affine in degree 0 and linear in higher degrees: more formally the set of morphisms between (A 0 , V ) and (B 0 , W ) is defined to be
In the end we have a well-defined category of dg ≥0 -affine spaces over k, which we will denote as Ch ≥0 (Aff k ).
Remark 3.13. We have defined the objects of Ch ≥0 (Aff k ) as pairs where the first term is an affine space and the second term is a chain complex of vector spaces just to make the affine structure explicit; an equivalent and more compact characterization of Ch ≥0 (Aff k ) is
In particular Ch ≥0 (Aff k ) is a k-linear category.
The category Ch ≥0 (Aff k ) is both complete and cocomplete: limits and colimits are constructed from those in Ch ≥0 (Vect k ). For example if (A 0 , V ) and (B 0 , W ) are dg ≥0 -affine spaces their product will be just (A 0 × B 0 , V × W ), where V × W is the product of V and W in Ch ≥0 (Vect k ) and A 0 × B 0 is the affine space over k whose difference vector space is V 0 × W 0 . We can also put a tensor structure over Ch ≥0 (Aff k ): given two dg ≥0 -affine spaces (A 0 , V ) and (B 0 , W ), define their tensor product (A 0 , V ) ⊗ (B 0 , W ) to be the dg ≥0 -affine space determined by the chain complex
Similarly, given
Formula (3.9) and formula (3.10) determine a monoidal structure on Ch ≥0 (Aff k ): in particular the unit is given by the object ({ * }, 0), the associator is induced by the monoidal structure on Ch ≥0 (Vect k ) and the unitors are simply given by
The reader can check that the above definitions verify the pentagon and the triangle identities.
Remark 3.14. Let (A 0 , V ) and (B 0 , W ) be dg ≥0 -affine spaces: notice that
where formula (3.11) is a canonical identification in Aff k ; an analogous coherence statement holds for morphisms.
Definition 3.15. Define a simplicial affine space over k to be just a simplicial object in Aff k .
Let sAff k be the category of simplicial affine spaces over k, i.e.
Remark 3.16. There is a natural linearisation functor
which just deletes the non-linear part in the face and degeneracy maps defining a simplicial affine space, as well as the non-linear part of morphisms between simplicial affine spaces; in the same fashion there is a forgetful functor U : sVect k −→ sAff k which just takes (maps of) simplicial vector spaces and looks at them as (maps of) simplicial affine ones. The category sAff k has all small limits and colimits, which are just taken levelwise; moreover define the tensor product in sAff k to be constructed by simply taking the tensor product in Aff k in all levels: it is straightforward to check that this equips such a category with a monoidal structure. Now define the normalization of a dg ≥0 -affine space over k to be the functoȓ
and observe that such a definition is well-given as the 0-th term of the chain complex N (L (A • )) is precisely the difference vector space of A 0 ; in other words, the normalization of a simplicial vector space does not affect the object in degree 0, as follows from formula (3.5). Analogously, define the denormalization of a simplicial affine space over k to be the functoȓ
where the maps involving A 0 and A 0 × V 1 are
and all other faces and degeneracies -which do not involve the affine space A 0 , but rather only the vector spaces V i -are defined as done for classical denormalization (see Remark 3.10 and subsequent discussion). In a similar way, given
the morphismK (φ) of simplicial affine spaces is defined in level n by the affine map
We are ready to describe the generalization of Theorem 3.11 we mentioned before. 
where the sum runs over all (p, q)-shuffles
and the corresponding degeneracy maps are
In the same fashion, again from [41] Section 2.3, the denormalization functorK can also be made into a lax monoidal functor by means of the Alexander-Whitney map. The latter is defined to be the natural transformation
AW :Ñ (− ⊗ −) −→Ñ (−) ⊗Ñ (−)
given for all A • , B • ∈ sAff k by the morphisms
where the "front face"d p and the "back face" d which makes the denormalizationK into a lax monoidal functor. Also we have that the composite AW • EZ is the same as the identity, while the transformation EZ • AW is chain homotopic to the identity: in particular the Dold-Kan equivalence provided by Proposition 3.18 is lax monoidal. Now we are ready to introduce the notions of affine dg ≥0 -category and affine simplicial category, which will be crucial technical tools to develop a good derived version of the period map. 19. An affine differential graded category over k (C, C • ) (affine dg ≥0 -category for short) is a category C enriched over Ch ≥0 (Aff k ).
We will denote by dg ≥0 Cat Aff k the ∞-category of affine dg ≥0 -categories. Let (C, C • ) be an affine dg ≥0 -category and denote by H 0 ((C, C • )) the (honest) category defined by the relations
Definition 3.20. An affine differential graded groupoid over k (affine dg ≥0 -groupoid for short) will be an affine dg ≥0 -category (C, C • ) such that the category H 0 ((C, C • )) is a groupoid.
We will denote by dg ≥0 Grpd
Aff k the ∞-category of affine dg ≥0 -groupoids.
Remark 3.21. The notion of dg ≥0 -affine space allows us to define a notion of ∞-groupoid in the differential graded context: as a matter of fact a more naive notion of dg ≥0 -groupoid -intended as a dg ≥0 -category where all morphisms in level 0 are isomorphism -would not really make sense as every dg ≥0 -category comes with a zero morphism, which is seldom an isomorphism.
Definition 3.22. An affine simplicial category over k (C, C • ) is a category C enriched over sAff k
We will denote by sCat
Aff k the ∞-category of affine simplicial categories. Let (C, C • ) be an affine simplicial category and denote by π 0 ((C, C • )) the (honest) category defined by the relations
Definition 3.23. An affine simplicial groupoid over k will be an affine simplicial category (C, C • ) such that the category π 0 ((C, C • )) is a groupoid.
We will denote by sGrpd Aff k the ∞-category of affine simplicial groupoids.
Remark 3.24. The notion of simplicial affine space allows us to define a notion of ∞-groupoid in the k-simplicial context, just like dg ≥0 -affine spaces give rise to a good notion of differential graded groupoid, as observed in Remark 3.21
Of course any simplicial affine space has an underlying simplicial set, so an affine simplicial category over k is in particular a simplicially enriched category: more formally, there is a natural forgetful functors from sCat 19 There is some abuse of notation in this formula.
whereN
: sCat
Notice also that the ∞-equivalence given by formula (3.13) restricts to an ∞-equivalencȇ
At last, let us recall that there is a natural functor
given by the right adjoint to Illusie's Dec functor; we are not describing it explicitly as its construction is slightly technical and not really needed for the sake of this paper: the definition ofW can be found in [13] Section V.7 or [34] Section 1. Moreover in [1] Cegarra and Remedios proved thatW is weakly equivalent to the diagonal of the simplicial nerve functor. Functor (3.14) is also known to induce a right Quillen equivalencē
and -as a corollary of the results in [34] Section 1 -we also have that functor (3.14) restricts to an equivalenceW : sGrpd
In Section 3.4 we will apply the functorW to interesting affine simplicial groupoids in order to define rigorously the derived deformation functor hoFlag
, while the functor RDef X will be constructed in Section 3.5 by using different techniques.
Derived Deformations of Filtered Algebraic De Rham Complexes
Recall from [6] that for any R in Alg k or even dgAlg
≤0
k there is a model structure on FdgMod R modelled on the projective model structure over dgMod R . In analogy with the underived case discussed in Section 3, say that a (derived) deformation of the filtered complex RΓ X, Ω *
k ; in particular ϕ is a trivial fibration and (V A , F • A ) is cofibrant for the model structure of FdgMod A . In broad terms, a (derived) deformation of RΓ X, Ω * X/k , F
• over a differential graded
Artinian algebra A is given by a filtered complex of A-modules together with a fixed quasiisomorphism trivializing it infinitesimally.
In the above notations, let
• be the affine dg ≥0 -category defined by the formulae
with the differential induced by the standard differential on Hom complexes.
Remark 3.26. Observe that, by the 2-out-of-3 property morphisms in hF
are all weak equivalences; in particular H 0 hF
• is a groupoid, so the affine dg ≥0 -category hF
• is really an affine dg ≥0 -groupoid. Now define the derived deformation functor hoFlag
Remark 3.27. By [34] Corollary 1.11 we have that hoFlag
be the derived deformation functor parametrizing derived deformations of the algebraic De Rham complex and RDef F p RΓ X,Ω * X/k ,RΓ X,Ω * X/k the one parametrizing derived deformations of F p RΓ X, Ω * X/k as a subcomplex of RΓ X, Ω * X/k ; also denote 
In particular hoFlag
is a well-defined derived deformation functor. Proof. This result is well-known in the Derived Deformation Theory folklore: we just recall the morphism
giving the actual weak equivalence. Note that by Theorem 3.4 it suffices to determine such a map on the (derived) Deligne groupoid BDel End * RΓ X,Ω * X/k associated to the dgla End * RΓ X, Ω * X/k , so define
Map ν is known to be a weak equivalence: a very rigorous but quite abstract proof can be found in [30] Section 4.1, while a simpler one can be found in [29] ; see also [10] Section 6.
Proposition 3.30. The functors hoFlag
are weakly equivalent.
Proof. We want to prove that the functor hoFlag
is weakly equivalent to the Hinich nerve of the differential graded Lie algebra
Recall from Section 3.2 and [10] that -as the Hodge-to-De Rham spectral sequence of X degenerates at the first page -the above homotopy limit is
As proven in [11] and [15] , the functor RDef (homotopically) commutes with homotopy limits, thus we have that
is weakly equivalent to
By Lemma 3.29 we have that RDef
is weakly equivalent to RDef End * RΓ X,Ω * X/k and similarly the functor RDef
is seen to be weakly equivalent to
, thus the statement follows by applying Remark 3.28.
Derived Deformations of k-Schemes
Now we want to describe the functor RDef X which parametrizes derived deformations of the scheme X: the idea consists of deforming the scheme X through derived schemes instead of ordinary schemes. There are a variety of equivalent definitions of derived scheme (in particular see [25] Definition 4.5.1 and [39] Chapter 2.2 for the two most standard ways to look at it); the one we are about to recall probably is not the most elegant, but it is definitely the handiest one to make actual computations. As a matter of fact, by [32] Theorem 6.42 a derived scheme S over k can be seen as a pair π 0 S, O S, * , where π 0 S is an honest k-scheme and O S, * is a presheaf of differential graded commutative algebras in non-positive degrees on the site of affine opens of π 0 S such that:
• the (cohomology) presheaves H n (O S, * ) are quasi-coherent O π 0 S -modules.
Also, recall from [32] that a morphism f : A → B in dgAlg
≤0
k is said to be homotopy flat if
is flat and the maps
are isomorphisms for all i; moreover a very useful characterization says that f is homotopy flat if and only if B ⊗ L A H 0 (A) is (weakly equivalent to) a discrete flat H 0 (A)-algebra: for a proof see [34] Lemma 3.13.
20
Now define a derived deformation of the scheme X over A ∈ dgArt ≤0 to be a homotopy pull-back diagram of derived schemes
where the map p is homotopy flat; equivalently such a deformation can be seen as a morphism O A, * → O X of presheaves of differential graded commutative algebras over A such that:
Remark 3.31. In the above notations, Condition (1) and Condition (2) are proper deformationtheoretic conditions, which resemble the ones characterizing underived deformations of schemes (see Section 2.1), while Condition (3) and Condition (4) are fibrancy-cofibrancy conditions, which are needed in order to ensure that certain maps of derived deformation functors which will arise in the rest of the paper are well-defined.
Now consider the formal groupoid
defined by the formulae
Remark 3.32. In the notations of formula (3.15) , notice that the condition Ψ ≡ Id (mod m A ) ensures that Del X (A) is a groupoid for all A ∈ dgArt ≤0 k ; roughly speaking, the formal groupoid Del X can be thought as some sort of (derived) Deligne groupoid associated to the scheme X, meaning that its role is intended to formally resemble the one played by the (derived) Deligne groupoid associated do a differential graded Lie algebra, which we described in Section 3.1.
Now consider the functor
BDel X : dgArt Remark 3.33. RDef X is a derived enhancement of Def X , i.e.
The definition of Del X implies immediately that this is a derived pre-deformation functor, thus -by [33] Theorem 3.16 -RDef X turns to be a derived deformation functor. Moreover, observe that RDef X is the formal neighbourhood of the stack of k-schemes DSch n/k which Pridham constructed in [34] : we will discuss these facts in more details this in Section 4; in particular, it follows -using either [32] 
The functors RDef X and RDef KS X are weakly equivalent.
Proof. We want to construct a natural transformation
providing a weak equivalence between such derived deformation functors, i.e. an isomorphism on the level of homotopy categories. Again, by Theorem 3.4 and the definition of RDef X it is enough to define such a morphism on BDel KS X , thus define the map O X is surjective. For the sake of notational simplicity, in the rest of the proof we will drop any explicit reference to the choice of the cofibrant replacement Q, i.e. we will argue as if
In order to show that map 3.16 is well-defined, we have to check that
actually determines a derived deformation of the scheme X, i.e. we need to prove that τ
is homotopy flat over A and τ
A k is weakly equivalent to O X as complexes of presheaves of differential graded commutative k-algebras: this essentially means to verify that
Let us first prove that τ ≤0 RO A (x) is weakly equivalent to RO A (x). Filter the latter complex by powers of the maximal ideal m A of A, i.e. define the filtered complex
and take the associated graded object
(3.17)
Notice that Formula (3.17), so = 0 when i > 0: this means that at least one of these two terms vanishes whenever i + j > 0, so the convergence of spectral sequence (3.18) implies that
Now consider the spectral sequence
In particular RO A (x) and τ ≤0 RO A (x) are weakly equivalent.
Now we want to prove that τ
so it is enough to show that RO A (x) ⊗ A H 0 (A) is flat over H 0 (A). In order to prove this let M be any H 0 (A)-module, consider the complex
21 The symbol ≈ stands for "weakly equivalent".
where the first isomorphism -as we discussed before -comes from the fact that RDef X is the formal neighbourhood of a derived stack of schemes, the third one is true by adjunction, while all the other ones directly follow from definitions. Finally, for all i ≥ 0 we see that the map
where the (cohomology class of the) degree i morphism
is nothing but the map 22 induced in D (X) by the cocycle ξ; on the other hand -again by using Remark 3.5 -the map H −1 (µ) turns out to be
Both map (3.21) and map (3.20) are clearly isomorphisms, so this completes the proof.
The Geometric Fiorenza-Manetti-Martinengo Period Map
Now we have all the ingredients to give a geometric interpretation of the map FMM described in Definition 3.7. 
whereφ is the derived globalization of the natural A-linear map extending ϕ to the algebraic De Rham complex; alsoΨ is constructed by using the same universal property. 22 Of course, there is some abuse of notation in this sentence. In the end all constructions and results we have discussed so far sum up in the following theorem.
Theorem 3.37. The diagram of derived deformation functors and (Schlessinger's) deformation functors
commutes up to isomorphism; in particular the morphisms RP and FMM are equivalent.
Proof. Notice that:
• the commutativity of the bottom diagram follows from Theorem 2.16 and Theorem 3.8;
• the commutativity (up to isomorphism) of the back diagram corresponds to Theorem 3.8;
• the commutativity (up to isomorphism) of the front diagram follows immediately from Remark 3.33, Remark 3.27 and the definitions of the maps P and RP;
• the commutativity (up to isomorphism) of the left hand diagram is obtained by combining Theorem 2.2, Theorem 3.34 and Remark 3.33;
• the commutativity (up to isomorphism) of the right hand diagram is obtained by combining Proposition 2.18, Proposition 3.30 and Remark 3.27.
As regards the top diagram, again by Theorem 3.4 it suffices to verify its commutativity up to isomorphism on BDel KS X ; moreover Remark 3.28 tells us that the derived deformation functors
and hoFlag
can be constructed as homotopy fibres, so it is enough to check that the diagrams
and
,RΓ X,RΓ X,Ω * X/k (3.23) commute up to isomorphism. We are only going to show the commutativity of diagram (3.22) , as the commutativity of diagram (3.23) is verified by a similar argument. Let us walk along its arrows: for all A ∈ dgArt k an element x ∈ MC KS X (A) maps through µ to [X → RSpec (A)] -where X = (X, RO A (x)) -and in turn this is sent to the complex
which is an honest derived deformation over A of the algebraic De Rham complex RΓ X, Ω * X/k ; on the other side, the vector x is sent to the derivation l x and -proceeding down along map ν -this determines the complex
in the proof of Theorem 3.34, filter them by powers of the maximal ideal m A , i.e. consider the filtrations * e ξ ) Γ X, A * , *
24 There is some abuse of notation in these formulas.
The Period Map as a Morphism of Derived Stacks
Theorem 3.37 gives the ultimate picture of the local period map as a deformation-theoretic morphism, since it explains how the Fiorenza-Manetti map lifts naturally to the context of Derived Deformation Theory. Anyway, despite being entirely canonical, the Fiorenza-ManettiMartinengo map 25 is still a local morphism: concretely this means that it provides a fully satisfying description of the behaviour of "derived variations of the Hodge structures" associated to some nice k-scheme X with respect to the infinitesimal derived deformations of the scheme itself, but this map is not able to give us any global information, i.e. it does not provide significant relations between the associated global (derived) moduli stacks. Foundational work on higher stacks and Derived Algebraic Geometry includes [25] , [26] , [32] , [37] and [39] : here we only recall that a crucial property of derived deformation functors is that these are formal neighbourhoods of global derived stacks; more formally let
be a (possibly non-geometric) derived stack over k and x a point on it: the formal neighbourhood of F at x defined asF
is a derived deformation functor. This result is well-known in the Derived Algebraic Geometry folklore: a proof of it is hidden somewhere in [25] and [39] ; see also [37] and [31] .
In the following X will denote again a smooth proper scheme over k of dimension d and n will be any positive integer; let A (E, E) = 0 for i < −n which classifies perfect k-modules in complexes with trivial Ext groups in higher negative degrees. Such a moduli problems has been deeply studied by many authors (see for Example [24] , [34] and [38] ) and it is now known to induce a truncated derived geometric stack RPerf n k parametrizing perfect k-modules in complexes (see [6] Section 3 for a detailed construction). The following result completes our study of the period map. Proof. The fact that the diagram is well-defined is precisely the content of Remark 4.1 and Remark 4.4; the commutativity is readily verified just walking along the arrows, as done in the proof of Theorem 3.37.
Notations and conventions
• If i ≥ 0 ∆ i is the i-th standard simplicial simplex
• diag (−) = diagonal of a bisimplicial set
• k = fixed field of characteristic 0, unless otherwise stated
• If A is a (possibly differential graded) local Artin ring, m A will be its unique maximal (possibly differential graded) ideal
• R = fixed (possibly differential graded) commutative unital k-algebra, unless otherwise stated
• If R is a commutative unital ring then R is the constant sheaf of stalk R • Alg k = category of commutative associative unital algebras over k
• Aff k = category of (linear) affine spaces over k
• Art k = category of local Artin algebras over k
• Ch ≥0 (Vect k ) = model category of chain complexes of vector spaces over k in non-negative degrees
• Ch ≥0 (Aff k ) model category of (chain) dg ≥0 -affine spaces over k
• Def
Hin k = ∞-category of Hinich derived deformation functors (over k)
• Def
Man k = ∞-category of Manetti extended deformation functors (over k)
• dg ≥0 Alg k = model category of (chain) differential graded commutative algebras over k in non-negative degrees
• dg ≥0 Cat k = model category of (chain) differential graded categories over k
• dg ≥0 Cat
Aff k = ∞-category of affine (chain) differential graded categories over k
• dg ≥0 Grpd
Aff k = ∞-category of affine (chain) differential graded groupoids over k
• dgAlg ≤0 k = model category of (cochain) differential graded commutative algebras over k in non-positive degrees
• dgArt k = model category of (cochain) differential graded local Artin algebras over k
• dgArt ≤0 k = model category of (cochain) differential graded local Artin algebras over k in non-positive degrees
• dgLie k = model category of (cochain) differential graded Lie algebras over k
• dgMod R = model category of R-modules in (cochain) complexes 
